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The aim of this paper is to derive some new fractional analogues of Ostrowski-type inequalities involving bounded functions using

the concept of o-Riemann-Liouville fractional integrals.

1. Introduction and Preliminaries

Inequalities play a pivotal role in modern analysis.
Mathematical analysis depends upon many inequalities.
In recent years, an extensive research has been carried
out on obtaining various analogues of classical in-
equalities using different approaches, for details and
applications, see [1-4]. A very interesting approach is to
obtain fractional analogues of the inequalities. The
fractional version of inequalities plays a significant role
in the establishment of the uniqueness of solutions for
certain fractional partial differential equations. Sarikaya
et al. [5] were the first to introduce the concepts of
fractional calculus in the theory of integral inequalities
by obtaining the fractional analogues of classical Her-
mite-Hadamard’s inequality. Dragomir [6, 7] obtained
fractional versions of Ostrowski-like inequalities. Erden
et al. [8] recently obtained some more new fractional
analogues of Ostrowski-type inequalities using bounded
functions. Sarikaya [9] introduced the notion of two-
dimensional Riemann-Liouville fractional integrals and
obtained some new fractional variants of Hermi-
te-Hadamard’s inequality on two dimensions. Having
inspirati : of Mubeen and
an et al. [11]
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introduced the concepts of o-Riemann-Liouville frac-
tional integrals on two dimensions and obtained two-
dimensional fractional integral inequalities. It is worth to
mention here that if 0 — 1, then o-Riemann-Liouville
fractional integrals reduces to classical Riemann-Liou-
ville fractional integral. Note that the concept of
o-Riemann-Liouville fractional integral is a significant
generalization of classical Riemann-Liouville fractional
integrals; as for o#1, the properties of
o-Riemann-Liouville fractional integrals are quite dif-
ferent from the classical Riemann-Liouville fractional
integrals.

The aim of this paper is to obtain some new fractional
analogues the classical Ostrowski’s inequality using the
concepts of o-fractional integrals. In order to obtain the
main results of the paper, we first derive some new lemmas
results, and then using these lemmas as auxiliary results, we
derive our main results of the paper.

Let us first recall some previously known concepts and
results. The first one is the definition of the Rie-
mann-Liouville fractional integrals.

Definition 1 (see [12]). Let F € L,[a,b]. Then, the Rie-
mann-Liouville integrals of order «; >0 with a >0 are de-
fined as follows:
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TG =50 )j (x— )% 'F(t,)dt,, x>a, .
1

x<b,

FUE (x )—mj (t, - %) 'E(1,)dt,,

respectively. Here, T («;) is the gamma function. These in-
tegrals are motivated by the well-known Cauchy formula:

J:dtl'[;ldtz..-jt f(t,)dt, ‘mr (x ="' f(£)dt,

neN".

(2)

Mubeen and Habibullah [10] introduced the o-Rie-
mann-Liouville fractional integrals as follows.

Definition 2 (see [10]). Let E € L1 [a,b]. The o-Reim-
ann-Liouville fractional integrals .7, E and 7} E of order
a; >0 with a>0 and >0 are defined as follows
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X — 1 o /o —
o B0 = <al>J (x-1) ) E (1), x>a,
Xy — 1 b & /o)— 1=
vfbf:"“”mjx (£, - ) B (t)dry, x<b

(3)

The above integrals for all functions are continuous and
integrable on the interval (0,00). Note that if f € L,[a,b]
and a>0, then 7' exists almost everywhere on [a,b]. If
a; 21, 0>0, and f € L[a,b], then 75 f € Cla,b]. For
more details, see [13].

Awan et al. [11] defined o-Reimannn-Liouville frac-
tional integrals of two variable functions as follows.

Definition 3 (see [11]). Let E e L,([a,b] x [c,d]). The
Riemann-Liouville o—fractional integrals 7o', o Forits
oIy s and ( Fy07 are defined as follows:

0505 = Y o a a, (7 =
TR = s s [ @0 o) s, ey
1 2
0,0 d (a /a) 1 ((X /17) 1
oFad Blxy) = 7T (a )r (a)J Jy —t) (t, — y) 7 E(ty, ty)dt,dty, x>a,y<d,
1 2
(4)
b Y - a0 )
oI’ ‘Zi:(x )= o’T (06 )F (a,) J J x)(alla) I(J’_tz)( o) E(tp,t)dtydt,  x<by>c,
1 2
oc N2 bo(d (zx /0)—1 (rx /0
TR = )r ((x)J L Cx) @)t )@ g Vdndt, x<by<d,
1 2

where «a;,a, >0 and a,b,¢,d >0.
For the sake of simplicity, we define the following
functions as

(x _ (1) (a,/a) + (b _ x) (alla)
T, (a; +0)

M, (a,b;x) =

>

(5)

N, (6dsy) =2~ ) 4 (d - (=)
k

>

T, (a,+0)

for x,y € D: = [a,b] x [¢,d].

2. Main Results

2.1. Key Lemmas. In this section, we prove some lemmas
which will help us in obtaining the main results of the paper.

Lemma 1. Let E: D — R be an absolutely continuous,
differentiable function such that (9*E (0, u)/000u) exists and
is continuous on DCR?. Then, for any (x, y) € D, we have
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). NS =
- G(x,t, pt —————dOdy |dt,dt
o°T, (a))T, (ay) JaJe (ot yts) xJy o06ou # %

= [(FXEB ) +  F B y) +  JRE () + oI Bx, y)]
6
N (6d: p)[,F8E () + IR E ()] ©

— M, (@, b: [ THE(x )+, I3 E(x, )]

+ kMO‘1 (a,b: x)kN(x2 (¢,d: y)E(x,y) =F,(x,y;a,b,¢,d),

where

[ (x- tl)(o“/a)_1 (y- tz)(‘xzm)_l, a<t;<xandc<t,<y,

(x-1) (wfo)-1 (=) (@)=1 " <t <xand y<t, <d,
G(x,t), y5t5) =1 (7)
(t; - x) (/o)1 (y-t,) (o)1 x<t, <bandc<t, <y,

L (t; — x) (efo)-1 (t, - y) (who)=1 "y ot < band y<t, <d.

Proof. Now, This implies

b2 9%E (6, u) , o
I Liﬂdedy=.:(t1,tz)—d(t1r}’)

X

060y
- - (8)
-E(xt)+E(x,y)

=L(x, 1y, p,1,)-

1 b d t tlazE(G, )
L J G(x.ty, 1o1) “X J Wy”d@dy]dtzdtl

" 0T, (o))T, (o) y

1 * y o, /0)— a,/0)—
- o’T (06 )F (06 ) «[ J (x_tl)( 1) l(y_tz)( /%) IL(x’tl))”tz)dtzdtl
LSSV ATY) aJce

; o\ (wlo)-1 (a/0)-1
o’T 5 (0T () I J (x—1,) (t,— ) L(x,t;, y,t,)dt,dt, N

1

b oy
s _ (“1/0)—1 _ (“2/0)—1L dt.d
+02Fa ()T, (@) Ix L (t, —x) (y-t2) (%, ty, o ty)dt,dty

1 j’b J’d (o/0)-1 (afa)-1
+ t,—x)\! t, — 2 L(x,ty, y,t,)dt,dt
O_ZI‘U ((xl)ro (‘xz) <)y ( 1 ) ( 2 y) ( 1 y 2) PAndl
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Now, consider

= [ (”‘1/‘7) Loy gy (wlo)-115 _= _= =
I, T al)l" () J J (y-t2) [E(t1.t;) — E(t y) - E(x.1,) + Ex, y)]dtydt
X (y
= 021‘ J J (x-1 )(ul/o (v- tz)(azm) "B (t),t,)dt,dt,
x ry
- 7T, ()T, () J J (alld) 'y ‘tz)(%m)_la(tl’)’)dtzdﬁ
. (10)
P L] o) e yany
o T, (e a,)
; [ o\ (ale)-1 N (wlo)-1g
+ O_ZFG (“1)r0 (062) Ju Jc (X tl) (y t2) (x’ J’)dtzdtl
0t1 . (y _ C) (otz/o) (x _ Cl) (otlla) . (x _ a) (DCI/O') (y _ C) (az/a)
TN T gy TN oy RO T T, v )
Similarly,
v r ! _py(ato)-1e N (@lo)-11g _g _= g
I, = 0T, (@)L, (c,) L Jy (x-t,) (t,~ ) [E(t1.t,) = E(t, ¥) - E(x.1,) + E(x, y)]dtydt,
(11)
B N (d-y) (ay/0) . (x - a) (o/0) o o (x —a) (/o) d-y) (/o)
~ol e BT oy ey T ) T () O T o, (o)
1 b o /o & /0 )— — —- — —
T ()T () [ ] -0 (=) N 2 (0 ) - £(07) - B3 1) + £ et
1 2
s (y-o) (a,/0) . (b — x) (@) . (b — x) (@) (=) (ay/0) (12)
R U W e R W s Rt L W Py R s
1 b d o /o)— &y /0)— — — —- —
L= [ =0 - 1) S B ) - E () - B () + B ) dtyd,
0Ty (o)l (ag) Jx )y (13)

(d _ y) (uz/u)

I,(ay+0)°

(b _ x) (txllﬂ) (d _ y) (az/o)
T, (a, +0),(a,+0)

(b ~x) (ai/0)

Trd B ACETN

FB(x,y) - F2E(xy) +

Using (10)-(13) in (9), we get the required result. [ Lemma 2. Let E: D — R be an absolutely continuous,
differentiable function such that (0°E (6, u)/000u) exists and
is continuous on DCR?. Then, for any (x, y) € D, we have

1 b(d (2 0°E (6, )
- H(t)t d6dy |dt,dt
Gzra((xl)ra((xz) Jch (1 2)|:jx .[y a@a ‘Ll:| S

= [[THEEb,d) + , J U Eb ) + I E(a,d) + , T Ela,0)] (14)

Ny (6d: ) [, THEb,y) +, T2 E(a )] = M, (a,b: x)[,J5E(x,d) + , I3 E(x,0)]

c,d: v)E(x,y) =F,(x, y;a,b,¢,d),

www.manaraa.com



Journal of Mathematics 5

where
(t, —a) S (t, —¢) (wlo)=1 < t;<xandc<t,<y,
(t, —a) (/o)1 (d-t,) ()=t 5o t;<xand y<t, <d,
H(t),ty) = o)1 o)1 (15)
b-t) (efo)- (t, —¢) (caf)- x<t, <bandc<t, <y,
(b—1t) ) (@ —,) (@)1 <t <band y<t, <d.

Proof. 'The proof is same as the proof of Lemma 1. O  Lemma 3. Let E: D — R be an absolutely continuous,
differentiable function such that (0°E (0, 1)/000u) exists and
is continuous on D CR%. Then, for any (x, y) € D, we have

1 a /o alo a,/o)- a,/o)-
mj I [(tl a) () g (b 1y) () ] [(tz—c)( P (d - ) ()
1 2

t tzaZv-(e ;t)
“x Jy oo dedy]dtzdtl

[T RE(bd) + , J R EWb,Q) + ., GE(a,d) + .7, 7 E(a,0)]

) (16)
4
(d — C) (az/a) . o o (b _ a) (alla) o o o
_m[fb*“(“ W)+ TR B )] - m[fdfu(x,c)+ JEE(x,d)]
(b _ a) (061/0) (d _ C) (aZ/a) _ B '
T (70T, (4, +0) S =Eimyiabed).
Proof. Consider
_; b d B (061/0)—1 (Ot /a) (az/g) 1 B (otzla)—l
40T, ()T, (a,) ja ,[c [(tl %) (b= ] [ +(d-t,)
" (R OEO.W
: “x Jy 209 d@dy]dtzdt1
:; J'b J’d (t )(allfl (t _C)((leo')flL(x ¢ ¢ )dt dt
40°T, ()T, () Ja ! g P ) B)ddh
; b d _ N(wdo)-1, 5 (aylo)-1 (17)
+402Fa ()T, () L L (6, - a) (d-1,) L(x,ty, y,t;)dtydt)
+; r J'd (b-t )(al/a)—l(t _C)(azla)—lL(xt £)dtdt
4021"(,(051)1"0(“2) ale 1 2 L )h 1 )di,dly
1 ! _ (”‘1/‘7 (tlea) 1
4T, ()T, (o) J J (b= )" (d = 1) L (1, )ty
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Now,
— 1 o _(alo)=1,  y(wlo)-11g _= _= =
= o L) G e ) 20 ) -3 () + 20k
(18)
~ - (d _ C) (otz/a) o o (b _ a) (otllo) (b _ a) (rxlla) (d _ C) (azlo) -
B T e A T e A T o B
Similarly,
_ 1 bod _ ((xlla)—l _ (062/0)—1 = = = =
b= ey L] G ) O B ) - B0) - 2() ¢ S
e d-ol= b-a)) b-a) (') (@ - ()
= fb c+“( a,d) - mibﬁu ) ngc+u( x,d) + Fo((x1+0)l"o(¢x2+0) u(x,;v),
i :————l————JbIdQ—i)(Wﬂq(t—cﬁ%mywﬁﬁ,t)—EU;y)—E(&t)+E(&yﬂdt&
3 azfg(al)I‘g((xz) o) 1 2 152 1 2 240
(19)
e o d-ol=) w-a)) (b-a) ') (@ -
I O e Y s R B A ey T s
_ 1 bord _ (le/a)—l _ (azla)—l = = = =
=i | e @O B ) -5 0) -3 () 2y
- o (d _C)(ocz/a) o (b- )(txlla) o (b_a)(ullo)(d_c)(txz/a):
IR gy T TR o ) 2

Using the values of I,,1,,I5, and I, in (17), we get the  then
required result. O
|F) (x,y: a,b,c,d)| < woMa (@b )N, (e d: y),
2.2. Results and Discussion. In this section, we discuss our
. V(x,y) € D.
main results.

(21)
Theorem 1. Under the assumptions of Lemma 1, if B is
bounded, that is,

Proof. Using Lemma 1 and the fact that &g, is bounded, we
< 00, (20) have

O’E(6,p)
960

= SUp (gu)en
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b rd
IF\ (x, y: a,byc,d)| < ! )J J IG(x, y: a,byc, d)I|t, — x||t, - y]dtydt,

"“9’”"0002&(%)@ (a,

=||56,ﬂ||m[m [[ e @) (- )@ atar
T - Ij (e =1) ) (1, =) Dy, o
+—02Fa(cx11) (‘xz)J j (t, - %) () (y—1,) () ar, dt,
= (0(11)1"0 (@) J b J j (6= 1= )ty
= |Bou| [T+ L+ I + 1],
Now,
I, = m J J (x—1,) @) (3 £,) () dt,dt, = (xraal(i/;);;r(f (a:l(:i;)ﬂ (23)
T ) x d ot — ) (910041 (g _ ) ()
= o (@) J [, e @ =) asar, - I (o, + 2001, (oczy +20)
I, = m Ji r (t - x) ') (3 - 1) D at,de, = (br_’(cil(Jr/;);;r(y (;ZCL(Z;)H, (24)
o= |0 e, T

Substituting the values of I, I, I5, and I, in (22), we get Corollary 1. Consideringx = (a+b/2)and y = (c +d/2) in
the required result. O Theorem 1, we have

0ty a+bc+d 0ty o a+bc+d 0ty a+bc+d
cja*,c*"‘ > +aja+,d* fb Kot >

2 2 2 2 2
e fa+bc+d d - c) () w_fa+bc+d w fa+bc+d
+Jjbz’,;_5( =2 ) (a(/o ) [jla( 5 )+ajh15(—2 = )]
YT (a, + 0)
(b—a)(®/) [ . (a+bc+d) . <a+bc+d>]
_ g JuE e 25
2(“‘/“)_lrg(a1+0) 2 2 (25)

(b-a) (alo) (d—c)(“z/”) a+bc+d
27 2

2 (“‘+“2/”)_21“0 (a; + o), (ay + 0)
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Theorem 2. Under the assumptions of Lemma 2, if B is  Proof. The proof of this theorem follows the same technique

bounded, that is, which was used in Theorem 1 by considering Lemma 2. [

:(0 W (26)

900 < 00, Corollary 2. By taking x = (a+b/2) and y = (c +d/2) in
Theorem 2, we have

"59,;4"00 =SUP(guep| " 355

then
|F\ (x,y: a,b,c,d)| < WM, (@b XN, (e d: y),

V(x,y) € D.
(27)

0] - o,
o7 (a+l§/2 ey EOA) + o F Gy crary BB+ oI Gy (crary B (@ d)

(ay/0)
o _ (d-o) c+d " [ c+d
* o (asbi2) (erary B (@) - : [ S (a+h/2)*“( 5 ) + o (b E(“’ 5 )]

2 (@)1 (4 4o

28
(b—a)(“‘/”) a - a+b a+b (28)
B 2(@1)71T (4 4 0) o ey B\ T4 o (Crary B 2 ¢
(b _ a) (lxl/ﬂ) (d _ C) (0(2/0') :<a + b c+ d) < (b a) (lela)+1 (d )(a2/0)+1 ": ||
2 (9l 2r (0 4 o)L, (ay +0) \ 2 2 ) 2(mir (o 90T (ay + 20)) H I
b rd P 1/p
We now derive results for mappings whose elements are of g " = I J —— <00, (29)
L, space lip alc| 000u
p Space.
) . then
Theorem 3. Under the assumptions of Lemma 1, if
(0E (6, u)/060p) € L,(D) for p>1 with (1/p) + (1/q) = 1
with
x—a) (/o)1) (b-x) (rxllo)+(1/q)] [ (y-0o (alo)+(1ig) d-y) (ay/a)+(1/q)
|F\ (x,y: a,b,c,d)| < ||B 5 (30)
0T, ()T, (@) (1 /0) + (1/q)) ((ar/0) + (1/q))
for all (x,y) e D. Proof. From Lemma 1, property of the modulus, and ap-
plying definition of E with the use of Holder’s inequality, we

have

o’ (a))T, (a,)|F, (x, y: a,b, ¢, d)|

r r TEGW 4o4,
xJy

s dt,dt,

tl tZ
.[x Jy

b d
< L L|G(x, tL ot

(1/p)

aZ = ) p
kbl o4 dt,dt,

260

d6dy

b d
= Ja L'G(x’tl’y’ Bt - x|(1/q)|t2 - )’|(1/q)
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b
= |, J J |G (.11, 1)1 = ||t — y] MVt de,

= ”“W"P[I j (x -t )(a1/0)+ 1/9)- 1( _ tz)(ocz/a)+(1/q)—1dt2dt1

+ J Jy (X )(a1/0)+(1/q) 1 (tz _ y) (a2/0)+(1/q)— ldtzdtl

a

(31)
by
+ J J. (tl _ x) (a1/0)+(1/q)—1 (y _ tz) (a2/0)+(1/q)— ldtzdtl
b (oc /a)+(1/ )1 (a /0')+(1/ )—1
"'I J' (t, —x)™" M CES N P dtd
xJy
= ||59,,4||p[11 + 1 +1,+1,]
Now, Theorem 4. Under the assumptions of Lemma 2, if

. (9% (6, 4)/2604) € L, (D) for p>1 with (1/p) + (1/g) = 1
L= J (e = 1) OV () VDD e i '
¢ p (1/p)
) <o, (33

b (410°E (6,
oty g el ([ P
 ((l0) +(1/9) (apl0) + (1/q))

(32) then

Similarly, we find the values of I,,I;, and I,, and
substituting their values in (31), we get the required
result. O

[T, (0+ (o/q))]2
T, (ay + 0+ (0/9))T, (ay + 0 + (0/9))

|F2 (x,y: a,b,¢, d)| <

(34)
% [ (x —a) (/o) +(1/q) +(b-x) (a1/0)+(1/q)] [ (y-o) (aylo)+(1/q) +(d-y) (ar/0)+(11q) i

for any (x,y) € D. Proof. From Lemma 2, using the definition of & and
Holder’s inequality, we have

|F2 (x,y: a,b,c, d)|

1 2 0°E (6, 1)
PO B H(tt J J TEOM 404, de, dt
0T, ()T, (aZ)J J [H (11, 12)] y 000y #1h
(1/p)
1 (1/g) (1/g) J h J 10’8
< H(t,,t,)||t t, — =280 d0d dt,dt
0_2 (‘xl)r ((XZ) J J | ( 1 2)” 1 | |2 y| <)y aea# !’l 2V

b od
- ”59’#"17 L L [H (t1,1,)||t, - x|(1/q)|t2 - y|(1/q)dt2dtl
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ET — ) )
" T, (a )rp(«x ) [ ] J (£, = @) 7 (= ) e = 1 Ve, - MVt
o 1 o 2

||59,u||p J b J a (ar/0)-1 (ay/0)-1 (1/g) (1/g)
B A t,—a) ) (@ =g, )N ty - dt,dr
+02ra(“1)ra(“z) . (t, —a) ( 2) | 1 x| | 2 }’| 241y

(35)

"5‘9’1‘"17 Jb Jd (afo)-1 (aylo)-1 (1/9) (1/q)
T (a)T () b—t;)™ ty—c) Tt - t) - dt,dt
+02ra (“l)ra(“z) ale ( 1) ( 2 C) | 1 x| | 2 )/| 24l

By, b ord
N 2"—”"1’ J J (b—t,) 71 (@ = ) ()N | VD, | YD
g ro (‘xl)ra (“2) ade
=1, +1,+I;+1,]
Now, consider I;:

||EG’M||p b rd ((x /D')—l (a /0')—1 (1/q) (1/g)
=5 ——— t = ! t, — 2 t, — t, — dt.de
1 O_ZFU (“l)ra (062) Ja Jc ( 1 d) ( 2 C) | 1 x| | P y| ,dt;

By, b _ o (wlo) (o N v (e _ (@) N (Ug-1
___l_ﬂg__J(h_@ww»%ﬁ_x,w{ﬂa 9 )", o) ],

) o'y ()T, (a,) Ja a <) qao,

|2, FarﬂﬂW”u—nW@.+r0u_ﬂﬂW”u—nW@1a]
1

) Uzra (“l)ro (062) % I“ 4 9%
yo(t —C) (az/o) (y—t )(l/q),l
+ J 2 2 dt,
c q,
_ "59,/4"1, Ux (t - a)(rxlla) (x - tl)(llq)—ldtl] “'3’ (t,-0) (/o) (y- 1‘2)(1/:1)—1(”2
qzl“g (o +0),(ay+0)L)a c

= (e /0)H1/g) N (ay/0)H1/g)
_ e,y"P[(x2 a) (x —a) ] y “1 (/o) (1 _u)(llq)—ldu]
q Fo (“1 + G)FG (“2 + 0)

y “1 v(al/o) (1- v)(l/q)—1dv]_

0
(36)

Thus,

By, (Lo (01) + )| (x = ) (WD (- g) Lo (37)

1:

T, (a,+0+(a/q),(a, +0(0/q))

Similarly, we can find the values I,,I;, and I,, and  Theorem 5. Under the assumptions of Lemma 1, if
substituting the values in (35), we get the required result. (0*E (6, w)/080u) € L, (D) for p>1 with (1/p)+ (1/q) =1
entof L, (D). O with
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e, =( [

|F, (x,y: a,b,c,d)| < ||EG’H||1kMa1 (a,b: )N, (c.d: y),

20
TEWO.H ><oo, (38)

960

then

11

|F2 (x,y: a,b,c, d)| < "59»#"1ka61 (a,b: x)kNaz(c,d: ),
(40)

for any (x,y) € D.

Proof. From Lemma 1, the property of modulus, and using

(39) the definition of B, we have
for all (x,y) € D. And
1 b "8 (6, )
Fx,:a,b,cd_—JJGx,t,,t IJ T=O0 M 404, | de, e
| 1( y | Zr ((xl)F (062) ( 4 2)[ y aea u 2%

<= 1
o

o\ )ra (062)

b rd
J j G(x,ty, y, t,)dt,dt,

= 1 [ (Ot /a)—l (rx /a)—l
=& —-—— x—t ! -t ? dt,dt
" 0’””1[021“0 (a,)T, () L L ( ) (r-t3) 20ty .
1 (ay/o)-1 (myl0)-1
t+t x—t ! t 2 dt,dt
e o 0 =
1 [ I (rx /0) 1 (ot /a)—l
+ (t—x)™" (y—t,) 7 dtydt
o’T, (o)L, (1)
1 b (ar/0)-1 (ay/0)-1 ]
t—— t—x)V! t, — ? dt,dt, |.
O_ZFU ((xl)rd (az) Jx ( 1 ) ( 2 y) 2%
Integrating above inequality, we get the required result. ~ then
To prove the other part of the inequality, we use Lemma (b— a)/K (d - o=/
2 and the same technique as used in the above part. O | F,(x,y: a,b,c, d)| ||~9,4|| a)™" (d-c) (43)

Theorem 6. Under the assumptions of Lemma 3, if
(0*E (6, 4)/060u) € L, (D) for p>1 with (1/p) + (1/q) = 1

with
- b rd10°E (6, p)
ol ~(J. [ o)) <o

60y (42)

|F5(x, y: a,b,c,d)| <

1 b
40°T, (o)L, () J a

x[(tz )(azla t(d-ty) azla)—l]

1

" B”HIW

1T, (ay + o), (ay + 0)
for all (x,y) € D.

Proof. From Lemma 3 and using modulus property with the
definition of Z, we have

[(tl _ a) (alla)—l + (b _ tl) (ozl/a)—l]

It‘ Itz OE 01 495,

t,dt
<), o6ou dtdt,

(44)

J J [(tl_a)(al/o) Y (bt )al/a)—l]

x [ (t, - c) @1 4 (d—t,) (@) l]dtzdtl.
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Calculating the above double integral, we get the re-
quired result. o

3. Conclusion

We have derived three new auxiliary results. Using these new
auxiliary results, we have derived some new o-fractional
analogues of Ostrowski-type inequalities involving bounded
functions in L, L, and L, spaces. We have also discussed
some new special cases in which we have obtained some
midpoint-type inequalities. We hope that the techniques
used in this paper will inspire interested readers.
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